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Holographic entanglement entropy and the first law of thermodynamics are believed to de-
code the gravity theory in the bulk. In particular, assuming the Ryu-Takayanagi (RT)[1] formula
holds for ball-shaped regions on the boundary around CFT vacuum states implies[2] a bulk grav-
ity theory equivalent to Einstein gravity through second-order perturbations. In this paper, we
show that the same assumptions can also give rise to second-order Lovelock gravity. Specifi-
cally, we generalize the procedure in [2] to show that the arguments there also hold for Lovelock
gravity by proving through second-order perturbation theory, the entropy calculated using the
Wald formula[3] in Lovelock also obeys an area law (at least up to second order). Since the
equations for second-order perturbations of Lovelock gravity are different in general from the
second-order perturbation of the Einstein-Hilbert action, our work shows that the holographic
area law cannot determine a unique bulk theory even for second-order perturbations assuming
only RT on ball-shaped regions. It is anticipated that RT on all subregions is expected to encode
the full non-linear Einstein equations on asymptotically AdS spacetimes.
1 Introduction
While the AdS/CFT correspondence can be construed broadly as a mechanism for constructing a
dual representation of a conformal field theory in terms of gravity, it actually implies an equivalence
between the states in both theories. That is, the quantum states of the conformal theory are actually
dual states in the gravitational theory thereby providing a prescription for the representation of
states in a quantum theory of gravity. Precisely which conformal theories admit such a description
remains an open question. What has emerged as a promising route[1, 4, 5, 6] to solving this problem
is to show that spacetime is encoded in entanglement[7, 8, 9, 10, 11, 12, 13, 14]. Building on earlier
results of Maldacena[4] on a first-order perturbative theory, Faulkner, et al.[15] showed the Hilbert-
Einstein action to second order can be deduced starting just from the first-law of thermodynamics
and the RT formula on ball-shaped regions. This result is intriguing because it establishes a hard
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mutual connection between the triumverate in physics: gravity, thermodynamics and quantum
mechanics.
We show in this paper that Lovelock[16] gravity can also emerge from entanglement ala RT[1, 6],
a fact that seems to indicate that string theoretic corrections to the bulk may go through Lovelock
perturbations of vacuum AdS (which has the feature of satisfying both Einstein and Lovelock
gravity). This is important because non-linear curvature theories are common-place in string-
theoretic constructions and cosmology. Consider for example that Lifshitz spacetimes[17] described
by the action
S =
1
16πGd+1
∫
dd+1x
√−g
(
R− 2Λ− e2αφF 2 − 2|∇φ|2
)
, (1.1)
admit black brane solutions asymptotic to AdS at infinity, supporting Lifshitz horizons with a
scalar dilaton that runs logarithmically. Both electrically and magnetically charged black branes
give rise to such geometries. In the former, the dilaton runs towards weak coupling at the horizon
(g ≡ e2αφ → 0), while in the latter, the dilaton runs towards strong coupling. String theoretic
corrections can be analysed by replacing e2αφ with the gauge coupling function f(φ) taking the form
f(φ) = 1
g2
+
∑
k ξkg
2k. The importance of non-linear curvature theories is also manifest in the string
theoretic analysis of quantum bulk effects at the near horizon geometries of Lifshitz solutions. The
effects of these quantum corrections is seen to imply a flow from the UV fixed point (the CFT at
infinity) towards the Lifshitz invariant theory where it lingers for a long (and definite) while but
then quantum effects take over and smooth the geometry to an AdS2 × R2 geometry. In [18] these
effects are seen to drive the deep interior region to be replaced by a relativistic fixed geometry such
as AdS2 × Rd−1. In fact they considered a toy model with coupling g(φ)C2µνρσ (where Cµνρσ is
the Weyl tensor) and demonstrated that such a term can both stabilize the dilaton and resolve the
Lifshitz horizon to AdS2 ×R2.
1.1 Key Results
The central result of this paper is to prove that the construction in[2] does not imply only Einstein
gravity but Lovelock gravity as well. In particular, we prove that given any CFT theory , and for
any state of the form
〈
ϕ(0)(x)|ψλ(ε)
〉
=
∫ ϕ(x0E=0,x)=ϕ(0)(x)
[Dϕ]e−
∫ 0
−∞
dx0
E
dd−1x(LCFT+λα(x;ε)Oα(x)), (1.2)
there always exits a metric of the form g = gAdS + ǫh1 + ǫ
2h2, that correctly computes the entan-
glement entropy up to second order in ǫ for all ball-shaped regions via the Ryu-Takayanagi formula
to second order. Moreover, such metrics must satisfy the second-order Lovelock equation and the
stress energy tensor is formed from the matter fields that solve the linearized Lovelock equation
about AdS spacetime with boundary conditions specified by the CFT one-point function of Oα. In
the Einstein bulk case of [2], one needs to require that C˜T = a
∗. In our case, we can remove such
a constraint since, as commented in [2], one can always find appropriate constants in the Lovelock
Lagrangian so as to satisfy that condition.
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One of the main observations of this article stems from the fact that we can assume the Ryu-
Takayanagi formula for ball-shaped regions just to second order in ǫ. This is a reasonable assumption
since we want to determine the equation of motion of the perturbed metric up to second order. Also,
we should notice that in general, the holographic entanglement entropy for ball-shaped regions in
a CFT dual to a theory of Lovelock gravity should not follow an area law. However, the results in
this paper only show that the entropy is an area law up to second-order perturbations. The second
related important ingredient is the fact that through O(ǫ2), we can calculate the entanglement
entropy using the Wald entropy, since it coincides up to second order with the RT formula, at
least for perturbations of the vacuum AdS (cf. section 3[1]). It is not believed[19, 20, 21, 22]
that the Wald entropy is the natural holographic entanglement entropy. Indeed in [23, 21], using
a holography with a Lovelock bulk, the CFT entanglement entropy is calculated by the Jacobson-
Myers formula. In the discussion section of this paper we show that in Lovelock holography, the
Jacobson-Myers formula for perturbations around vacuum AdS coincides with the RT formula up
to second order as well, thus establishing that even the true holographic bulk Lovelock dual to a
CFT is indistinguishable from the Einstein bulk dual, up to second order.
Also, we should make clear that we do not claim that the full-fledged bulk theory dual to the
boundary CFT should indeed be a Lovelock theory. In fact, the existence of such a Lovelock bulk
theory is a mere feature of the second-order perturbation analysis and information from higher
order perturbations is not determined. Our bulk Lovelock theory merely captures the holographic
entanglement up to second order. Hence, the key results here support the recent program[24]
to encode the full Einstein equations from entanglement on all subregions not just ball-shaped
constrictions. The most difficult part of this program is to show the full non-linear equations are
satisfied for perturbations of pure AdS. In fact, vacuum AdS has constant curvature, hence it satisfies
both Einstein and (all) Lovelock equations of gravity. Intuitively this suggests that AdS lies at the
intersection of many branches representing all the moduli spaces of solutions which are all tangent
to one another (since first order Einstein and Lovelock coincide) and first order equations cannot
suffice to distinguish between all these branches. In this paper we show that not even second order
conditions suffice. On the other hand, for generic metrics (be it in the Einstein or in one of the
Lovelock moduli spaces) we expect that imposing second order conditions should suffice to determine
the local perturbations, and thus we expect that for a generic background which is Lovelock (or
Einstein), imposing the first law of thermodynamics and the RT formula up to second order, should
suffice to determine the bulk field equations.
1.2 Summary of derivation
The derivation of our results follows closely that in [2]. We start with the first law of thermodynamics
and the entanglement entropy. Consider, a ball-shaped region A in some CFT theory, and for
perturbations in Eq.(1.2), the first law of thermodynamics almost holds [2] and is given by
d
dε
(〈HA〉 − SA) = d
dε
S(ρA‖ρ(0)A ), (1.3)
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where ρ
(0)
A is the density matrix of the region A without perturbations and S(ρA‖ρ(0A ) is the relative
entropy between the perturbed and unperturbed states. 〈HA〉 is the expectation of the modular
Hamiltonian in the entangling region A and its specific form is
HA =
∫
A
dΣµTµνη
ν , (1.4)
where ην is a time-like vector that generates the modular flow for region A and dΣµ is any spacelike
surface with boundary as ∂A in the region D(A) which denotes the union of future and past Cauchy
sections.
The second main equation needed is the Iyer-Wald equality [25, 3]. This equality is an integral
form of Nöther’s first theorem and it states that the change in the conserved charge on the boundary
is related to the change in the currents in the region circumscribed by the boundary. A useful review
of this equality and its relation to our problem can be found in [15]. In what follows, we write down
the equality in a convenient form for Lovelock gravity,
d
dǫ
(
EgravA − SgravA
)
=
∫
ΣA
{
ωL(g;h
(1),LξAg) + ωφ(g;
dφ
dε
,LξAφ)
}
+
∫
ΣA
G. (1.5)
Here, EgravA is the Nöther charge on A and S
grav
A is the Nöther charge on a bifurcating horizon
A˜ which is found by maximizing the functional form of SgravA . In the literature[19, 20, 21, 22] of
Lovelock gravity, SgravA is referred to as the Wald entropy. Here ΣA is the spacelike region bounded
by A and ξA is a timelike Killing vector that approaches η
ν asymptotically near the asymptotic
boundary and vanishes on the bifurcating horizon A˜. This is clearly shown in Figure 1. Since ωL
and ωφ are 2-forms on the phase space of the theory, they are evaluated using pairs of vector fields
on the phase space, that is to say pairs of variations of the fields (g or φ). Further, G is a function
that depends on the variation h(1) and dφ/dǫ and the Killing field ξA. It vanishes when the variation
h(1) satisfies the linearized Lovelock gravity equation. As we will show, in section 3, near the pure
AdS spacetime (in the perturbation expansion), the Wald entropy for the surface A˜ is proportional
to the area of A˜ up to second-order perturbations and as a result, the A˜, which is defined by the
surface that minimizes the entropy formula, will be the extremal surface even when the metric is
second-order perturbed. This is one of the crucial points in our argument. Then, according to
[2], we can introduce the Holland-Wald gauge to fix the location of the extremal surface A˜ and to
keep ξA vanishing on the boundary of A˜. Thus, when we write formula(1.5), we implicitly use the
Holland-Wald gauge to eliminate the term that would be there due to a variation of embedding of the
surface A˜ (in general the HRRT[6] surface A˜ depends on the metric, so if not for the Holland-Wald
gauge there would be a term coming from the variation A˜(ǫ)) .
In order to prove our statements, we will firstly assume there exists such a metric perturbed
to second order around pure AdS spacetime that calculates the entanglement entropy for spherical
regions in the vacuum state of the CFT correctly. Also, as mentioned above, we will show in section
3 that the Wald entropy for Lovelock gravity for perturbations near pure AdS is proportional to
the area for first-order perturbations and if the first-order perturbation is on shell i.e. satisfies
4
ΣA
A˜
A
Figure 1: A is a ball-shaped regions on a spatial slice on the boundary. A˜ is the surface that
maximizes the Wald functional SgravA in the bulk. ΣA is the spatial region bounded by A and A˜ on
the same slice as A. Red arrow lines are the flows of the timelike Killing vector ξA and the blue
arrow lines are the asymptotic limit of ξA which is η
ν on the boundary.
the Lovelock equation of motion, the Wald entropy is proportional to area of A˜ for second-order
perturbations. However, for now, let us only assume there is an arbitrary first-order perturbation
h(1). Since the Wald entropy is proportional to area for first-order perturbation, at ǫ = 0, we can
write
d
dǫ
SgravA = C
d
dǫ
Area(A˜) +O(ǫ) =
d
dǫ
SA +O(ǫ). (1.6)
Here, we used the assumption that the Ryu-Takayanagi formula gives the correct entanglement
entropy, that is, SA = CA for some constant C. Furthermore, if we consider (1.3) for vanishing
radius ball-shaped regions, we will have δSA = δ 〈HA〉. As a result, we can establish the equality
d
dǫ
SgravA =
d
dǫ
〈HA〉+O(ǫ). (1.7)
It is shown in [15] that the relation between Tµν and h
(1)
µν implied from equality (1.7) gives an
extrapolation dictionary. Also, since EgravA is a function of the asymptotic metric perturbation and
HA is a function of the boundary Tµν , we can establish relations between E
grav
A with HA and [15]
shows they are equal. As a result, we can combine (1.3) and (1.5) to obtain
d
dǫ
S(ρA‖ρ(0)A ) =
∫
ΣA
{
ωL(g;h
(1),LξAg) + ωφ(g;
dφ
dε
,LξAφ)
}
+
∫
ΣA
G +O(ǫ). (1.8)
We will then do the analysis for first and second-order perturbations to show that the variation of
h1 and h2 satisfy the first and second-order Lovelock equations of motion.
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1.3 First-order
The first-order analysis is straightforward since the the relative entropy is known to vanish for first-
order perturbations, and the first term on the right-hand side is also zero since LξAg = 0 for the
pure AdS metric and thus, we have ∫
ΣA
ξaAδ1Eabǫ
b = 0 (1.9)
for all ball-shaped regions, where ǫb is the volume form on ΣA. As argued in [15], this means that
δ1Eab = 0. Note, to first-order, there is no stress energy tensor from the matter φ in the bulk and
thus the equation δ1Eab = 0 is the first-order equation of motion of Lovelock theory in vacuum.
1.4 Second order
From the above argument, we see that the first-order perturbation, h1, satisfies the Lovelock equation
of motion near the AdS vacuum,first-order and it will be shown in section 4 that this guarantees
the Wald entropy SA is proportional to area for second-order perturbations and therefore we have
d
dǫ
SgravA =
d
dǫ
Area(A˜) +O(ǫ2) =
d
dǫ
SA +O(ǫ
2) =
d
dǫ
〈HA〉+O(ǫ2). (1.10)
This implies that EgravA = 〈HA〉 for second-order perturbation and thus we can improve (1.8) for
second-order perturbations which means the error in (1.8) increases to second-order and as as result,
when we take the derivative of (1.8), we obtain
d2
dǫ2
S
(
ρA‖ρ(0)A
)∣∣∣
ǫ=0
=
∫
ΣA
ω
(
g(0), h(1),LξAh(1)
)
−
∫
ΣA
2ξaAE
(2)
ab ǫ
b +O(ǫ), (1.11)
where we denote both φ and g as g. If we can show the left-hand side equals the first term on the
right-hand side, this implies the last term on the right-hand side is zero which means the second-
order Lovelock gravity equation holds. In general, this involves hard calculations in CFT and the
gravity theory. However, it is known[2] for Einstein theory that d2S/dǫ2 = C˜T /a
∗ωE(h
(1)). This
equality holds if h(1) satisfies the first-order Einstein theory. We will show in section 2.2 that the
Lovelock form ωL is proportional to ωE for perturbations when the 2-form ω is evaluated on the AdS
metric. Also, we will show that first-order Lovelock is equivalent to first-order Einstein. Besides,
d2S/dǫ2 only depends on the perturbed CFT states instead of the gravity theory. Thus, for first-
order perturbation satisfying Einstein or Lovelock, we can show d2S/dǫ2 ∼ ωE(h(1)) ∼ ωL(h(1)).
Furthermore, we can give constraints for Lovelock theory to make the constant of proportionality
unity and as a result, the constraint C˜T = a
∗ is removed. Thus, the equality between d2S/dǫ2 and
ωL(h
(1) is established and thus the last term in (1.11) vanishes which means the Lovelock equation
of motion holds. Thus, we will have shown that if there exists a metric g = gAdS+ǫh
(1)+ǫ2h(2) that
captures the entanglement entropy via Ryu-Takayanagi formula, then the perturbations must satisfy
second-order Lovelock gravity. Since, we can always find h(1) + ǫh(2) that satisfy the second-order
Lovelock gravity, such a metric must exist.
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Note in our proof, we did not claim that the Wald entropy is the holographic entanglement
entropy. Actually, as shown in [23, 21], for a CFT dual to a Lovelock gravity bulk theory, the
holographic entanglement entropy should be calculated via the Jacobson-Myers formula. In the
discussion section, we will show that for the Lovelock dual, if we use the Jacobson-Myers formula
to calculate the entanglement entropy for perturbations around AdS metric, the entropy will also
be proportional to the area of the minimal surface up to second order perturbations. This in turn
confirms our result that the Ryu-Takayanagi formula could not determine the bulk theory since
there exists theories other than Einstein that captures the entanglement entropy for second-order
perturbations via Ryu-Takayanagi.
2 Lovelock gravity
2.1 Lovelock action and AdS solution
To proceed, we first introduce the Lovelock action. Lovelock gravity theory is a generalization of
Einstein’s theory that involves up to second-order derivatives of the metric tensor but is nonlinear in
the Riemann tensor. These two requirements imply terms such as RabcdR
abcd cannot appear alone
since the resultant equations of motion of this term will involve derivatives of Rabcd which contain
higher-order derivatives of the metric. In this case, after some calculation, the form of the theory
which contains RabcdR
abcd must also contain two other terms and the theory becomes Gauss-Bonnet.
Analogously, for theories with arbitrary powers of Rabcd, the Lagrangian must be of the form
L(m) =
√−gL(m) =
√−g 1
2m
δa1b1a2b2...ambmc1d1c2d2...cmdmR
c1d1
a1b1
Rc2d2a2b2 . . . R
cmdm
ambm
, (2.1)
where m is the number of powers in Rabcd and δ
a1b1a2b2...ambm
c1d1c2d2...cmdm
is the generalized Kronecker delta.
Notice we include the proper volume factor in the definition of the Lagrangian density. The full
theory of Lovelock gravity is a theory with linear combinations of those terms. Also, there must
exist a constant which depends on the dimension of the bulk, D, such that powers of R higher than
the constant vanishes. We call this number M . We will show that M is the largest integer that is
less or equal to (D − 1)/2. Thus, the full Lagrangian is
L =
M∑
m=0
cmL(m) =
√−g
M∑
m=0
cmL(m). (2.2)
It is customary to define tensor P abcd and the generalized Ricci tensor Rab as
P abcd =
δL
δRabcd
, and Rab = P acdeRbcde. (2.3)
With those definitions, it is easy to check that ∇aP abcd = 0 and therefore, the variation of the
action will be
δS =
∫
dDx
√−g
{(
Rab − 1
2
gabL
)
δgab +∇c
(
2P abcd∇bδgad
)}
. (2.4)
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The last term is a boundary term and should vanish if we put the boundary at infinity and impose
a Dirichlet boundary condition for gab. The first term should vanish for arbitrary variations of the
metric to satisfy the maximization condition and thus, the term in the first bracket is the equation
of motion in the absence of matter. However, if we have matter fields that are minimally coupled
to the metric and stress energy tensor for the field Tab, the equation of motion is
Rab − 1
2
gabL = 8πGTab. (2.5)
From the definition of the L(m) and properties of the Kroneker delta, calculations (as did in [16])
can be done to show that
Rab − 1
2
gabL =
∑
m
cmE
(m)
ab , for E
a(m)
b = −
1
2m+1
δec1d1...cmdmba1b1...ambmR
a1b1
c1d1
· · ·Rambmcmdm . (2.6)
It should be clear now why the maximal value of power of R is of the form chosen. The Kronecker
delta is zero when the number of indices is larger than the dimension and thus when 2m+ 1 > D,
the L(m) terms vanish from the equations of motion, thereby leading to the advertised value of M .
In this paper, we are considering perturbations of the metric around vacuum AdS and to be
expedient, we must check that Lovelock gravity admits such a solution. Indeed, since Ads is a
maximally symmetric spacetime, the Riemann curvature tensor of AdS with radius α must be
written in the form
Rabcd = − 1
α2
(gacgbd − gadgbc) . (2.7)
We can plug in the form of the Riemann curvature tensor into the equation of motion and then
check whether the solution satisfies the equations of motion. If we take the AdS Riemann curvature
tensor, Eq.(2.6), we find
E
a(m)
b = −
(
− 1
α2
)m (D − 1)!
(D − 2m− 1)!δ
a
b , (2.8)
and the equation of motion of Lovelock gravity with cosmological constant Λ imply that the cos-
mological constant is
Λδab = −2
M∑
m=1
cmE
a(m)
b =
∑
m=1
2cm
(D − 1)!
(D − 2m− 1)!
(
− 1
α2
)m
δab . (2.9)
Since the cosmological constant Λ is just the coefficient of L(m), c0, we can always set the value to
that above so that a pure AdS spacetime solution exists.
2.2 Lovelock and Einstein gravity
In order to show that the Ryu-Takayanagi formula holds to second order also implies Lovelock
gravity to second order, we need to compare Lovelock and Einstein gravity to second order. Here,
the perturbation is performed around the pure AdS spacetime and therefore, we can write the metric
as
gab = g
AdS
ab + ǫh
(1)
ab + ǫ
2h
(2)
ab , (2.10)
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and ǫ is a small parameter controlling the perturbations. The Riemann tensor will also be modified
due to the perturbation of the metric and if we collect terms according to the power of ǫ, the
Riemann tensor will be
Rabcd = R
ab(0)
cd + ǫR
ab(1)
cd + ǫ
2R
ab(2)
cd, (2.11)
where R
ab(0)
cd is the Riemann tensor for the unperturbed metric g
AdS
ab and R
ab(1)
cd only contains gAdS
and h(1), while R
ab(2)
cd contains gAdS, h
(1) and h(2).
We can calculate now the equations of motion for the perturbed metric using Eq. (2.6) and
expand in ǫ. Since each factor of Rabcd contains first and second-order perturbations, to first-order
perturbation in E
a(m)
b , we have m ways to perturb the tensor by replacing one of the R
ab
cd factors
by R
ab(1)
cd. To second-order perturbations, we have two major ways to perturb the tensor E
a(m)
b ,
one is replacing Rabcd with R
ab(2)
cd and the other is replacing two factors ofR
ab
cd with two factors of
R
ab(1)
cd. Thus, we can write
E
a(m)
b = E
a(m)
b + ǫδ1E
a(m)
b + ǫ
2(δ2E
a(m)
b + δ3E
a(m)
b ). (2.12)
2.3 First-order equation of motion
We first focus on the first-order perturbation and using the definition in Eq. (2.6), we obtain that
δ1E
a(m)
b = − m2m+1 δac1d1c2d2...cmdmba1b1a2b2...ambmR
a1b1(1)
c1d1
R
a1b1(0)
c1d1
· · ·Ra1b1(0)c1d1 (2.13)
= −m4
(− 1
α2
)m−1 (D−3)!
(D−2m−1)!δ
ac1d1
bc1d1
R
a1b1(1)
c1d1
(2.14)
= m
(− 1
α2
)m−1 (D−3)!
(D−2m−1)!
(
R
a(1)
b − 12δabR(1)
)
, (2.15)
where R
a(1)
b and R
(1) are first-order perturbations of the Ricci tensor and Ricci scalar, respectively.
Obviously, the first-order perturbation to the tensor E
a(m)
b is proportional to linearized Einstein
gravity. Since, the variation of the cosmological term Λδab vanishes, δ1E
a(m)
b vanishes for all orders
of m ≥ 1 and thus, we have
R
a(1)
b −
1
2
δabR
(1) = 0. (2.16)
By definition, R
(1)
ab = hacR
c(0)
b +g
AdS
ac R
c(1)
b , we can then, find another form in the equations of motion
for the small perturbations, hab as
R
(1)
ab −
1
2
gAdSab R
(1) − 1
2
R(0)hab =
(
R
c(0)
b −
1
2
R(0)δcb
)
hac + g
AdS
ac
(
R
c(1)
b −
1
2
R(1)δcb
)
. (2.17)
The second term vanishes due to the equation of motion for first-order perturbation. The first term
gives a constant if gAdS is a pure AdS solution to Lovelock gravity and the constant is
R
(1)
ab −
1
2
gAdSab R
(1) − 1
2
R(0)hab =
(
R
c(0)
b −
1
2
R(0)δcb
)
hac =
(D − 1)(D − 2)
2α2
hab. (2.18)
Notice, this is the linearized Einstein equation but with a different cosmological constant than
the one in the Lovelock theory. However, this new cosmological constant is the one we expect in
pure Einstein theory for AdS spacetime. Therefore, the first-order Lovelock equation of motion is
equivalent to first-order Einstein.
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2.4 Second-order equation of motion
Next we calculate the second-order perturbation of E
a(m)
b . It should be clear that if we just perturb
the Riemann tensor to second order, we will obtain the same form as the first-order perturbation;
that is we have
δ2E
a(m)
b = −
m
4
(
− 1
α2
)m−1 (D − 3)!
(D − 2m− 1)!δ
ac1d1
bc1d1
δ2R
a1b1
c1d1
(2.19)
which is exactly the Einstein equation perturbed to second order up to a constant factor. However,
for m ≥ 2, we can find the second-order perturbation by perturbing two of the Riemann tensors in
Eq. (2.6) to first order. Therefore, we write
δ3E
a(m)
b = −
m(m− 1)
16
(
− 1
α2
)m−2 (D − 5)!
(D − 2m− 1)!δ
ac1d1c2d2
ba1b1a2b2
R
a1b1(1)
c1d1
R
a2b2(1)
c2d2
. (2.20)
This equation shows that the term δ3E
a(m)
b is a Gauss-Bonnet term for a first-order variation of
Rabcd. If we assume the first-order perturbation satisfies the first-order Lovelock gravity and thus
the first-order Einstein, we can simplify the equation to
δ3E
a(m)
b = Cm
(
4R
ae(1)
cdR
cd(1)
be − δabRcd(1)efRef(1)cd
)
. (2.21)
This term in general does not vanish and therefore, we have shown that the second-order Lovelock
and the second-order Einstein equations differ.
2.5 Calculation of ωL
In order to carry out the argument of our proof, we need to show that the 2-form ωL is proportional
to the Einstein 2-form ωgrav in [2]. The definition of the ωL is
ωL(g;h1, h2) = h1
δ
δg
θ(g;h2)− h2 δ
δg
θ(g;h2), (2.22)
where θ is defined through θ(g;h) = 2P abcd∇bhadǫa. To formulate the derivative, we need to find
the explicit form of P abcd, given by
P abcd(m) =
∂L(m)
∂Rabcd
=
m
4
(D − 2)!
(D − 2m)!
(
gacgbd − gadgbc
)
= m
(D − 2)!
(D − 2m)!P
abcd
(1) . (2.23)
Here, we assumed the fact that the derivative with respect to Rabcd is taken on the AdS background.
Therefore, we have shown that
ωL =
M∑
m=1
cmm
(D − 2)!
(D − 2m)!ωgrav = Bωgrav. (2.24)
Then from the derivation in [2], the above results imply that
δ(2)S
(
ρA||ρ(0)A
)
=
1
B
C˜T
a∗
∫
ΣA
ωL
(
g(0), δg(1),LξAδg(1)
)
+
∫
ΣA
ωφα
(
δφ(1)α ,LξAδφ(1)α
)
. (2.25)
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Thus, in order to make the cancellation in Eq.(1.11), we have to specify that
C˜T
a∗
= B =
M∑
m=1
cmm
(D − 2)!
(D − 2m)! . (2.26)
This equation will set a constraint on the coefficients cm. Thus, in this sense, we can relax the
constraint on the central charges and our results hold regardless of the requirement C˜T /α
∗ = 1.
3 Ryu-Takayanagi in Lovelock gravity
In the AdS/CFT correspondence, a strongly coupled boundary CFT theory corresponds to a weakly
coupled string theory in the AdS bulk and the weak-coupling limit of the bulk is classical Einstein
gravity. Ryu-Takayanagi[1] proposed that the entanglement entropy for any region is proportional
to the area of the minimal surface in the bulk with the same boundary of the region. However,
for a general bulk theory, the entanglement entropy formula should be different. The entanglement
entropy formula for an arbitrary bulk theory is proposed in [23] and it is shown that a Lovelock
gravity bulk has entanglement entropy according to the Jacobson-Meyer formula [26, 21]. The
entanglement entropy functional for Lovelock is
SL =
∫
Σ
dD−2y
√
γ
M(D−2)∑
m=1
mcmL˜(m−1). (3.1)
Here, Σ is a codimension 2 space-like surface with normal vectors n(α) for α = 1, 2. The surface is
shown to be the surface that minimizes the entropy functional. M(D − 2) is the largest power of
R in dimension D − 2 space. Also, L˜(m) is the Lovelock Lagrangian calculated from the intrinsic
curvature R˜ijkl, where we used the convention that i, j, k, l mean the indices on Σ, while a, b, c, d
indicate indices in the bulk spacetime. γij is the induced metric on surface Σ.
A closely related entropy formula in Lovelock gravity is Wald entropy formula [3]. Although
it is shown in [23] that in a holographic theory, the entanglement entropy of the boundary theory
cannot exactly be calculated by the Wald entropy (in [23] it is shown that the correct EE should be
the Jacobson-Myers which differs from Wald’s entropy by precisely the anomaly-like term eq. (3.42)
in loc. cit.), in our argument we use the Wald entropy formula for two reasons. First, as in [2], we
merely show the existence of a bulk gravity theory that satisfies the Lovelock gravity equations to
second order and realizes the holographic dual of the boundary CFT. Secondly, we will presently
show that all these entropy notions are the same up to second order, at least for ball-shaped regions.
The Wald entropy, analogous to that of Jacobson-Myers for Lovelock is given by
SLW =
∫
Σ
dD−2y
√
γ
M(D−2)∑
m=1
mcmL(m−1), (3.2)
where L(m−1) is the Lovelock functional for the projected Riemann tensor Rijkl, and Σ is the surface
that minimizes the Wald entropy functional. To be specific, the projected Riemann tensor is defined
as
Rijkl = γ
a
iγ
b
jγ
c
kγ
d
lRabcd. (3.3)
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The projected Ricci tensor is the contraction of the projected Riemann tensor with indices raised
by γij and in the projected Lovelock action, the Kronecker delta is that defined on the surface, and
specifically, δij on surface is just γ
i
j .
According to the form of the entropy in Lovelock, it is obvious that the entropy is no longer
proportional to the area of the minimal surface regardless of the Wald or Jacobson-Myers construc-
tions and thus we do not expect the RT[6] formula to hold anymore. However, we will show in this
section that for pure AdS spacetime and for perturbations up to second order, the Wald entropy is
the area of the minimal surface.
3.1 Pure AdS spacetime
We first demonstrate the Wald entropy in pure AdS spacetime is proportional to the area of the
minimal surface. In pure AdS spacetime, the Riemann curvature tensor is (2.7) and therefore, on
any surface with projected metric γij, the projected Riemann tensor will be
Rijkl = γ
a
iγ
b
jγ
c
kγ
d
lRabcd = −
1
α2
(γikγjl − γilγjk) . (3.4)
As a result, the Lagrangian L(m−1) will be constant over the surface and therefore, the Wald-entropy
functional evaluated over the surface will be
SLW =
M(D−2)∑
m=1
mcm
(D − 2)!
(D − 2m)!
(
− 1
α2
)m−1 ∫
Σ
√
γdD−2y = C0A. (3.5)
Here, we denote the surface as Σ and we used the contraction of the Kronecker delta. Also, A
denotes the area of the surface Σ and C0 is the constant preceeding the integral. Obviously, the
Wald entropy formula is proportional to the area of the surface with proportionality constant as
C0. Since we did not assume any particular surface in this calculation, the surface that minimizes
the functional SLW is the surface with minimal area and thus, we showed that the Wald entropy is
proportional to the area of the minimal surface.
3.2 First-order perturbation
Then we focus on the first-order perturbation of the bulk metric. We start with an arbitrary
surface in the bulk with the boundary defined by the boundary of the ball-shaped region and when
the metric perturbation is performed. Since for small perturbations of the metric, the minimal
surface equation produces a surface that is diffeomorphic, in the sense of embedded, to the minimal
surface corresponding to vacuum AdS (that is there exists a smooth family of embedding), we
can fix coordinates on the surface Σ and write the induced perturbed metrics with respect to the
fixed coordinates. Therefore, the location of the surface Σ is fixed, and the metric is perturbed
as γ = γ + ǫδγ. Thus, the Wald entropy functional will only be varied by changing the projected
metric. Note, the functional form of the Wald entropy is similar to the Lovelock gravity action. We
can then define
Pabcd(m) =
∂L(m)
∂Rabcd
(3.6)
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as we did in the Lovelock action variation. However, this time, δRabcd 6= Rebcdδγae and as a result
(2.4) does not hold. Moreover, we notice that γab is the delta function on the hyperplane and
therefore, the variation of it vanishes and as a result, the variation of the projected Riemann tensor
will be
δRijkl = γ
a
iγ
b
jγ
c
kγ
d
lδRabcd = γ
a
iγ
b
jγ
c
kγ
d
lR
e
bcdδgae. (3.7)
Since γaigae = γie and variation of γ
a
i vanishes, we have γ
a
iδgae = δγie. Also, according to
the maximally symmetric property of Rebcd which is proportional to δ
e
cgbd − δedgbc, the remaining
three projections will recast the Riemann tensor as Rejkl. As a result, we still have the equality
δRabcd = R
e
bcdδγae that does not hold in general. Therefore, we can write the variation of the
Wald entropy, similar to (2.4), by defining Eij analogously as in the Lovelock action for projected
Riemann tensors. Also, the functional form of Eij is also the same as E
i
j by replacing Rabcd with
Rijkl. Thus, we can write the variation of the Wald functional on the surface as
δ1SLW = −
∫
Σ
dD−2y
√
γ
M(D−2)∑
m=1
mcmE
(m−1)
ij ǫδγ
ji
=
M(D−2)∑
m=1
mcm
(D − 3)!
(D − 2m− 1)!
(
− 1
α2
)m−1
ǫ
∫
Σ
dD−2y
√
γ
1
2
γijδγ
ji = C1δA.
(3.8)
Therefore, we have shown that the first-order variation of the Wald entropy formula for any surface
is proportional to the area but this time, with a different coefficient C1. In order to have a consistent
proportional constant, we require C0 = C1 and this gives a constraint equation as
M(D−2)∑
m=1
2m− 2
D − 2m
(D − 3)!
(D − 2m− 1)!
(
− 1
α2
)m−1
mcm = 0. (3.9)
Notice, since we did not assume any particular surface Σ when performing such a calculation, the
surface that minimizes the functional is the surface that minimizes the area. As a result, the Wald
surface is the minimal surface in the perturbed spacetime and the Wald entropy is proportional to
the area of the surface for first-order perturbations.
3.3 Second-order perturbation
For second-order perturbations, we do not expect an area law from the Wald entropy for Lovelock
gravity. However, if we restrict to the fact that the first-order perturbation satisfies the linear
Lovelock gravity, we will recover the area law. To show our claim, we will do another variation of
the Wald entropy functional, which is just the variation of δ1SLW and we have
δ2SLW = −ǫ2
∫
Σ
dD−2y
√
γ
M(D−2)∑
m=1
mcm
(√
γδ1E
k(m−1)
j γikδ1γ
ij + E
k(m−1)
j δ1(
√
γγikδ1γ
ij)
)
. (3.10)
Here the second term is proportional to the variation of the area. The first term can be shown to
vanish if we assume first-order Einstein. The first-order Einstein equation shows that
δRij −
1
2
δijδR = 0, (3.11)
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where δR is the trace of δRij . Thus, if we take the trace, we obtain δR
i
j = 0. Then, the variation of
the projected Ricci tensor will be
δRij = δγ
i
aγ
b
jR
a
b + γ
i
aδγ
b
jR
a
b . (3.12)
However, we know that δγia = 0 and therefore we have δR
i
j = 0. As a result, δR = 0. Thus,
δ1E
k(m−1)
j ∼ (δRij − 12δR) = 0, leading to
δ2S = ǫ
2
M(D−2)∑
m=1
mcm
(D − 3)!
(D − 2m− 1)!
(
− 1
α2
)m−1
δ2A. (3.13)
This shows that the second variation is also proportional to the area of the surface. Thus, the
surface that minimizes the functional will be the surface that minimizes the area and the surface is
still the minimal surface. Notice, the proportionality constant is still C1, and we need not introduce
new constraints for the Lovelock gravity theory.
4 Holographic Entanglement Entropy for Lovelock
The discussion in section 3 and in the proof of our main statements only considers the Wald entropy
functional for the theory. However, the true holographic entanglement entropy is given by Jacobson-
Myers formula evaluated on the surface that minimizes this functional. Thus, in this section, we
will show that for spacetimes near the pure AdS spacetime, the holographic entropy for Lovelock
gravity is proportional to the area of the surface, and we will show the surface is approximately
minimal with error in higher orders. If we try to minimize the Jacobson-Myers functional in (3.1),
we will have a constraint equation as∑
m
mcmE˜
i(m−1)
j K
j(α)
i = 0, α = 1, 2. (4.1)
Here K
j(α)
i is the extrinsic curvature associated with the α-th normal vector n(α). E˜
i(m−1)
j is
analogous tensor for Eij with Rabcd replaced by the instrinsic tensor R˜abcd. Since the extrinsic
curvature is calculated from the embedding function of the surface into the bulk, we will consider
the constraint equation as the equation that describes the location of the surface.
4.1 Pure AdS spacetime
In pure AdS, we can assume the maximally symmetric form of the Riemann tensor and thus, the
projected Riemann tensor is also maximally symmetric on the projection surface as shown in (3.4).
According to the Gauss-Codazzi equation,
Rijkl = R˜ijkl +K
(α)
il K
(α)
jk −K(α)ik K(α)jl , (4.2)
we are able to associate the projected Riemann tensor with the intrinsic Riemann tensor. As shown
in [22], the extrinsic curvature tensor K
(α)
ij vanishes for the minimal surface ΣB with ball-shaped
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regions as the boundary. Thus, for such minimal surfaces, we have Rijkl = R˜ijkl. Also, on that
surface, E˜
i(m−1)
j ∼ δij and thus (4.1) reduces to K = 0 which means the location of the surface
that minimizes the Jacobson-Myers entropy is the minimal surface. This shows our initial guess is
consistent with the constraint. Thus, the minimal surface is the entropic surface.
4.2 First-order perturbation
We consider perturbations, g = gAdS+ǫδg around pure AdS spacetime. In the perturbed spacetime,
assuming we have found the surface Σ′B that minimizes the Jacobson-Myers functional, we expect
the extrinsic curvature K ′ij on Σ
′
B will be equal to Kij + ǫδKij , where Kij is the extrinsic curvature
on ΣB. Also, we expect the tensor E˜ij will vary to first-order. Then the constraint equation for the
location of the surface will be
∑
m
mcm
{
E˜
i(m−1)
j K
j(α)
i + ǫδE˜
i(m−1)
j K
j(α)
i + ǫE˜
i(m−1)
j δK
j(α)
i + ǫ
2δE˜
i(m−1)
j δK
j(α)
i
}
= 0. (4.3)
The first two terms are zero due to the fact that on ΣB , Kij = 0 and the last term is of second
order. Thus, from the remaining third term and the fact that E˜
i(m−1)
j ∼ δij , we will have δijδKji = 0.
Thus, this shows the extrinsic curvature on the new surface δij(K
j
i + δK
j
i ) = 0. This means that
the surface that minimizes the Jacobson-Myers functional is the minimal surface up to second-order
in ǫ. In the Holland-Wald gauge, we can fix the location of the surface and thus, the entropy will
change to
δ1SL = −
∫
Σ
dD−2y
√
γ
M(D−2)∑
m=1
mcmE˜
(m−1)
ij ǫδγ
ji
=
M(D−2)∑
m=1
mcm
(D − 3)!
(D − 2m− 1)!
(
− 1
α˜2
)m−1
ǫ
∫
Σ
dD−2y
√
γ
1
2
γijδγ
ji = C1A.
(4.4)
Obviously, we showed δSL = C1δA with C1 the same as in the Wald entropy case.
4.3 Second-order perturbation
In this section, we assume a Lovelock gravity bulk and for first-order perturbations, we do not have
matter fields extrapolated from the boundary CFT and thus, the first-order perturbations satisfy the
vacuum Einstein equation, which leads to δRij = 0. We find again the surfacE Σ
′
B that minimizes
the Jacobson-Myers functional and thus, the extrinsic curvature on the surface is
K ′′ij = Kij + ǫδ1Kij + δ2Kij . (4.5)
Contracting the Gauss-Codazzi equation 4.2 leads to
Rij = R˜ij +K
(α)K
(α)
ij −K(α)ik K
k(α)
j (4.6)
R = R˜+K(α)K(α) −K(α)ij Kij(α). (4.7)
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Since we know Kij = 0 when ǫ = 0, the intrinsic curavture R˜ij and R˜ are equal to their projected
counterparts to first-order in ǫ ( the error is in O(ǫ2)). Thus, we have
δ1E˜
k(m−1)
j ∼
(
δ1R˜
i
j −
1
2
δijδ1R˜
)
∼
(
δ1R
i
j −
1
2
δijδ1R
)
. (4.8)
However, according to the argument in the second-order perturbation analysis in section 3, we have
δ1E˜
k(m−1)
j = 0 + O(ǫ
2). As a result, the surface location constraint equation for a second-order
perturbation of the metric evaluated on the entropic surface will be
∑
m
mcm
{
E˜
i(m−1)
j K
j(α)
i + ǫ
2δ2E˜
i(m−1)
j K
j(α)
i + ǫ
2E˜
i(m−1)
j δ2K
j(α)
i + ǫ
3δ1E˜
i(m−1)
j δ1K
j(α)
i
}
= 0,
(4.9)
where we already used the knowledge that δ1E˜ ∼ O(ǫ2). The first two terms vanish due to the
fact that Kij = 0 and we neglect higher order perturbations O(ǫ
3). Again, we use the fact that
E˜
i(m−1)
j ∼ δij , we have δijδ2Kji = 0. Thus, on the entropic surface, the extrinsic curvature vanishes
for perturbations up to second order. Then, the entropic surface is the minimal surface up to second
order and we can use the Holland-gauge again to fix the location of the surface and calculate the
entropy as
δ2SL = −ǫ2
∫
Σ
dD−2y
√
γ
M(D−2)∑
m=1
mcm
(√
γδ1E˜
k(m−1)
j γikδ1γ
ij + E˜
k(m−1)
j δ1(
√
γγikδ1γ
ij)
)
. (4.10)
Since the first term vanishes due to the vanishing of δ1E˜
k(m−1)
j , we have δ2S ∼ C1δ2A. Thus, up to
second-order perturbations in Lovelock theory, the holographic entanglement entropy satisfies the
area law.
5 Conclusion
Quite generally, we have shown that wedding thermodynamics and entanglement can lead to the
more general case of Lovelock rather than the Einstein-Hilbert action. The intuitive picture behind
our construction is that vacuum AdS is symmetric (thus it has constant curvature) and hence is a
degenerate spacetime. This implies that AdS satisfies both Einstein and (all) Lovelock equations of
gravity. Intuitively this suggests that AdS lies at the intersection of many branches of spacetimes
representing all the moduli spaces of solutions which are all tangent to one another (first order
Einstein and Lovelock coincide) and first order equations cannot suffice to distinguish between all
of these branches. Further as we have shown, not even 2nd order equations suffice. For generic
metrics, however, we anticipate that imposing second order conditions suffices to close this loophole.
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